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Abstract This paper proposes a geometrically nonlinear total Lagrangian Galerkin meshfree
formulation based on the stabilized conforming nodal integration for eﬃcient analysis of shear
deformable beam. The present nonlinear analysis encompasses the fully geometric nonlinearities
due to large deﬂection, large deformation as well as ﬁnite rotation. The incremental equilibrium
equation is obtained by the consistent linearization of the nonlinear variational equation. The
Lagrangian meshfree shape function is utilized to discretize the variational equation. Subsequently
to resolve the shear and membrane locking issues and accelerate the computation, the method
of stabilized conforming nodal integration is systematically implemented through the Lagrangian
gradient smoothing operation. Numerical results reveal that the present formulation is very eﬀective.
c© 2011 The Chinese Society of Theoretical and Applied Mechanics. [doi:10.1063/2.1105110]
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Meshfree methods have experienced substantial de-
velopments and applications in recent years.1,2 Vari-
ous meshfree formulations have also been proposed to
analyze beams, plates, and shells which form an im-
portant class of engineering structures.3–12 One dis-
tinguished advantage for meshfree methods is that
they can relieve the mesh tangling burden associated
with the conventional ﬁnite element methods and are
favorable for large deformation analysis. However,
due to the non-polynomial characteristic of the fre-
quently utilized moving least square or reproducing
kernel approximation,13,14 the time-consuming higher
order Gauss quadrature rule is required to evaluate
the weak form. Consequently diﬀerent methods have
been developed to improve the computational eﬃ-
ciency. The method of stabilized conforming nodal in-
tegration (SCNI)15,16 does not need artiﬁcial parame-
ters and oﬀers stability and eﬃciency simultaneously.
Thereafter the SCNI-based Galerkin meshfree meth-
ods have been systematically developed for beams,
plates, and shells.5,7,8,11,12 It was also shown that this
type of formulation can remove the locking issue very
eﬀectively.5,7,8 In this paper the meshfree formulation
with SCNI is extended to geometrically nonlinear anal-
ysis of shear deformable beam with a total Lagrangian
formulation. Although the present formulation concerns
the plane beam problems, many important nonlinear
analysis features such as consistent linearization and re-
solving of shear and membrane locking issues are elab-
orated in details which could serve as a basis for large
deformation meshfree plate and shell analysis.
Consider a two dimensional beam undergoing ﬁnite
deformation as shown in Fig. 1, the beam occupies a
domain Ω(X) = L× A with L and A being the length
and cross-section area at the undeformed state, respec-
a)Corresponding author. Email: ddwang@xmu.edu.cn.
tively. The neutral axis of the beam is set to be co-
incided with the X-axis. In a shear deformable beam
theory,17 the dependent displacement and rotation vari-
ables at a generic material point {X, 0} on the neutral
axis are two translational displacements and one rota-
tion angle denoted by uT = {u(X), v(X), θ(X)}, then
the current position vector x that varies over the thick-
ness of the beam can be expressed as
x = ϕ(X) =
{
x
y
}
=
{
X + u− Y sinθ
Y + v − Y (1− cosθ)
}
,
(1)
where the rigid ﬁber hypothesis is adopted, i.e., the
ﬁber that is perpendicular to the neutral axis remains
no length change before and after the applied deforma-
tion of ϕ(X), i.e., ‖x− xN‖ = ‖X −XN‖. In case of
large deﬂection analysis with small rotation one can as-
sume sinθ ≈ θ and cosθ = 1 in Eq. (1) to simplify the
computation. The deformation gradient F and Green-
Lagrangian strain E corresponding to Eq. (1) are
F (X) =
[
1 + u,X − Y θ,X cos θ − sin θ
v,X − Y θ,X sin θ cos θ
]
, (2)
E(X) =
⎡
⎣ {u,X + (u
2
,X + v
2
,X)/2 + Y
2θ2,X/2−
Y θ,X [(1 + u,X ) cos θ + v,X sin θ]}
[v,X cos θ − (1 + u,X) sin θ]/2
[v,X cos θ − (1 + u,X) sin θ]/2
0
⎤
⎦ . (3)
The term associated with Y 2 in Eq. (3) can often
be neglected with satisfactory accuracy of solution, thus
the strain component of EXX becomes
EXX = Σ + Y κ,
Σ = u,X + (u
2
,X + v
2
,X)/2,
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Fig. 1. Kinematics of a beam under ﬁnite deformation.
κ = −θ,X [(1 + u,X ) cos θ + v,X sin θ], (4)
where Σ and κ denote the strain and curvature of the
membrane respectively. Also for the convenience of
the subsequent development, the following engineering
shear strain Γ is used
Γ = 2EXY = v,X cos θ − (1 + u,X) sin θ. (5)
The Saint-Venant Kirchhoﬀ material model is em-
ployed here to relate the 2nd Piola-Kirchhoﬀ stress S
and the Green-Lagrangian strain E
SXX = EEXX ,
SXY = G(2EXY ), (6)
where E and G represent the Young’s modulus and
shear modulus, respectively.
The variational statement of the beam equilibrium
can be written as
δΠ(x) = δW int(x)− δW ext(x) = 0,
δW int =
∫
Ω
δEIJSIJdΩ =∫
Ω
(δEXXSXX + 2δEXY SXY )dΩ,
{I, J} = {X,Y }, (7)
which is made of the fact SY Y = 0 for the beam. The
δW ext is the virtual work done by the external forces.
It is straightforward to show that δW int in Eq. (7) can
also be recast as
δW int =
∫
L
(δΣN + δΓQ+ δκM)dX, (8)
in which the stress resultants are given by
N =
∫
A
SXXdA,
Q =
∫
A
SXY dA,
M =
∫
A
Y SXXdA. (9)
Based on Eqs. (4)–(6) and (9), the constitutive
equations become
N = EAΣ,
Q = kGAΓ,
M = EIκ,
(10)
where k is the shear correction factor and for the rect-
angular cross section one can take k = 5/6. The I
represents the moment of inertia of the beam’s cross
section.
According to Eqs. (4) and (5), δΣ, δΓ , and δκ in
Eq. (8) can be derived as
δΣ = δeTam,
δΓ = δeTas,
δκ = δeTab, (11)
with
e =
⎧⎪⎨
⎪⎩
u,X
v,X
θ,X
θ
⎫⎪⎬
⎪⎭ = Lu =
⎡
⎢⎢⎢⎢⎢⎢⎢⎣
d
dX
0 0
0
d
dX
0
0 0
d
dX
0 0 1
⎤
⎥⎥⎥⎥⎥⎥⎥⎦
⎧⎨
⎩
u
v
θ
⎫⎬
⎭ ,
(12)
and
am =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(1 + u,X)
v,X
0
0
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
, as =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
− sin θ
cos θ
0
−Λ
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
,
ab =
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
−θ,X cos θ
−θ,X sin θ
−Λ
−θ,XΓ
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
, (13)
where Λ = (1 + u,X ) cos θ + v,X sin θ.
Since Eq. (7) is nonlinear, the Newton-Raphson
scheme is utilized to obtain the solution
δΠ(xm+1n+1 ) ≈ δΠ(xmn+1) + ΔδΠ(xmn+1) ≈ 0,
ΔδΠ(x) = ΔδW int(x)−ΔδW ext(x), (14)
where n and m denote the load step and corresponding
iteration number, respectively. The ΔδΠ(x) represents
the incremental virtual work. The ΔδW ext(x) is given
and ΔδW int(x) can be obtained via the standard lin-
earization process
ΔδW int =
∫
L
[δΣΔN + δΓΔQ+ δκΔM︸ ︷︷ ︸
Material response
+
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(ΔδΣ)N + (ΔδΓ )Q+ (Δδκ)M︸ ︷︷ ︸
Geometric response
]dX, (15)
With the aid of Eqs. (10) and (11), one can show
ΔN = EAΔΣ = EAamTΔe,
ΔQ = kGAΔΓ = kGAasTΔe,
ΔM = EIΔκ = EIabTΔe, (16)
and
(ΔδΣ)N = δeTRmΔe,
(ΔδΓ )Q = δeTRsΔe,
(Δδκ)M = δeTRbΔe, (17)
where the matrices Rm, Rs, and Rb are given by
Rm = N
⎡
⎢⎣
1
1
0
0
⎤
⎥⎦ , (18)
Rs = Q
⎡
⎢⎣
0 0 0 − cos θ
0 0 0 − sin θ
0 0 0 0
− cos θ − sin θ 0 (1 + u,X ) sin θ − v,X cos θ
⎤
⎥⎦ , (19)
Rb = M
⎡
⎢⎣
0 0 − cos θ θ,X sin θ
0 0 − sin θ −θ,X cos θ
− cos θ − sin θ 0 (1 + u,X ) sin θ −Δθv,X cos θ
θ,X sin θ −θ,X cos θ −Γ (1 + u,X) cos θ + v,X sin θ
⎤
⎥⎦ . (20)
Finally with the aid of Eqs. (16) and (17), ΔδW int in Eq. (15) becomes
ΔδW int =
∫
L
(δeTamEAamTΔe+ δeTaskGAasTΔe+ δeTabEIabTΔe︸ ︷︷ ︸
Material response
+
δeTRmΔe+ δeTRsΔe+ δeTRbΔe︸ ︷︷ ︸
Geometric response
)dX. (21)
In a Lagrangian version of the moving least square
or reproducing kernel meshfree approximation,16 the
material problem domain, i.e., the neutral axis of beam,
[0, L], is discretized by a set of NP particles, X ′Is, I =
1, 2, · · ·NP , an approximation of a scalar ﬁeld variable
g(X), denoted by gh(X), can be expressed by
gh(X) =
NP∑
I=1
ΨI(X)dI ,
ΨI(X) = p
T(XI −X)b(X)ϕa(XI −X),
(22)
where ΨI(X) is the Lagrangian meshfree shape function
and dI is the nodal coeﬃcient. p(X − XI) is the n-th
order monomial basis vector deﬁned as
p(XI−X) = {1, XI−X, (XI−X)2, · · · , (XI−X)n}T,
(23)
ϕa(X − XI) is a kernel function centered at XI with
a support size of a. Here the cubic B-spline kernel
function1 is used. The unknown coeﬃcient vector b(X)
can be obtained through the enforcement of the follow-
ing n-th order reproducing conditions
NP∑
I=1
ΨI(X)X
i
I = X
i, 0 ≤ i ≤ n. (24)
For convenience of development, Eq. (24) can be
rephrased as the following matrix form
M(X)b(X) = p(0),
M(X) =
NP∑
I=1
pT(XI −X)p(XI −X)ϕa(XI −X).
(25)
Thus one has b(X) = M−1(X)p(0) and the mesh-
free shape function becomes
ΨI(X) = p
T(0)M−1(X)p(XI −X)ϕa(XI −X).
(26)
Introducing the meshfree approximation of Eq. (26)
into the beam displacement ﬁeld u gives
uh =
⎧⎨
⎩
uh(X)
vh(X)
θh(X)
⎫⎬
⎭ =
NP∑
I=1
ΨI(X)
⎧⎨
⎩
uI
vI
θI
⎫⎬
⎭ =
NP∑
I=1
ΨI(X)dI . (27)
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Thus according to Eq. (12), one has
Δeh = LΔuh =
NP∑
I=1
HIΔdI , (28)
with
HI =
⎡
⎢⎣
ΨI,X 0 0
0 ΨI,X 0
0 0 ΨI,X
0 0 ΨI
⎤
⎥⎦ . (29)
Substituting Eq. (28) into Eq. (21) yields
ΔδW int = δdT{KMm +KMs +KMb︸ ︷︷ ︸
Material Stiﬀness
+
KGm +KGs +KGb︸ ︷︷ ︸
Geometric Stiﬀness
}Δd = δdTKΔd, (30)
where KMm, KMs, KMb, KGm, KGs, and KGb are
the material and geometric stiﬀness matrices associated
with the membrane, shear, and bending deformations,
respectively. The components of these stiﬀness matrices
are
KMmIJ =
∫
L
BmTI EAB
m
J dX,B
m
I = a
mTHI ,
KMsIJ =
∫
L
BsTI kGAB
s
JdX,B
s
I = a
sTHI ,
KMbIJ =
∫
L
BbTI EIB
b
JdX,B
b
I = a
bTHI ,
(31)
KGmIJ =
∫
L
HTI R
mHJdX,
KGsIJ =
∫
L
HTI R
sHJdX,
KGbIJ =
∫
L
HTI R
bHJdX,
(32)
Moreover by using Eqs. (27) and (11), we can
rewrite Eq. (8) as
δW int =
NP∑
I=1
δdTI f
int
I , (33)
where the internal force f intI is deﬁned as
f intI =
∫
L
(BmTI N +BsTI Q+BbTI M)dX. (34)
Finally based on Eqs. (30) and (33), the linearized
incremental equation becomes
Kmn+1Δd
m
n+1 = f
ext
n+1 − f intn+1. (35)
Furthermore, to resolve the shear and membrane
locking issues and improve the computational eﬃciency
without loss of the spatial stability, Eq. (35) is numer-
ically integrated by using a special nodal integration
format: the shear and membrane contributions KMm,
KMs, KGm, and KGs are evaluated by the direct nodal
integration; the bending contributions KMb and KGb
Fig. 2. Nodal smoothing domain.
are computed with the stabilized conforming nodal in-
tegration method. It follows that the discrete stiﬀness
contributions have the following expressions
KMmIJ =
NP∑
K=1
BmTI (XK)EAB
m
J (XK)LK ,
KMsIJ =
NP∑
K=1
BsTI (XK)kGAB
s
J(XK)LK ,
KMbIJ =
NP∑
K=1
B˜bTI (XK)EIB˜
b
J(XK)LK ,
(36)
KGmIJ =
NP∑
K=1
HTI (XK)R
m(XK)HJ(XK)LK ,
KGsIJ =
NP∑
K=1
HTI (XK)R
s(XK)HJ(XK)LK ,
KGbIJ =
NP∑
K=1
H˜TI (XK)R
b(XK)H˜J(XK)LK ,
(37)
where in B˜bI and H˜I the gradient term ΨI,X(XK) is
replaced by the smoothed gradient Ψ˜I,X(XK) deﬁned
as
Ψ˜I,X(XK) = L
−1
K
∫
LK
ΨI,XdX =
[ΨI(X
+
K)− ΨI(X−K)]/LK , (38)
with LK =
∥∥X+K −X−K∥∥. The (X−K , X+K) is the nodal
smoothing domain for the node XK as shown in Fig. 2.
As shown in Fig. 3(a) cantilever beam is subjected
to a point force P = 75 at the free end in the vertical di-
rection. The beam has a unit square cross-section area
and a length of L = 10. The shear correction factor is
set to be 5/6 in this study. The material parameters
are: Young’s modulus E = 10 000 and shear modu-
lus G = 5000. Throughout the meshfree computation
the problem domain is discretized by 11 uniformly dis-
tributed meshfree particles. The quadratic basis vector
is utilized and a normalized support size of 2 is employed
for the kernel function. The resulting deformation pro-
ﬁles are plotted in Fig. 4. In Figs. 5 and 6 the displace-
ment solutions obtained by using the present method
compare favorably to the analytical solution.18
Another benchmark problem considered here is the
cantilever beam subjected to an end moment Mcr =
2πEI/L as shown in Fig. 7, where EI represents the
bending rigidity and L is the beam length. The geomet-
ric and material properties for this beam are: A = 10,
L = 10, k = 5/6, E = 10 000, and G = 5000. The
meshfree shape function is constructed on the basis
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Fig. 3. A cantilever beam under tip vertical force P .
Fig. 4. Deformation proﬁles for the cantilever beam under
tip vertical force P .
Fig. 5. Comparison of the vertical tip displacement of the
cantilever beam under tip vertical force P .
Fig. 6. Comparison of the horizontal tip displacement for
the cantilever beam under tip vertical force P .
Fig. 7. A cantilever beam under tip moment M .
Fig. 8. Deformation proﬁles for the cantilever beam under
tip vertical force M .
of the quadratic basis vector with a normalized kernel
support size of 2. The deformation solutions obtained
by the proposed meshfree formulation with 11 evenly
spaced particles are shown in Fig. 8 and the resulting
deformation exhibits the expected circular curves.18
A geometrically nonlinear Galerkin meshfree
method was presented under the total Lagrangian
framework for the solution of shear deformable beam.
The incremental beam equilibrium equation was sys-
tematically derived by consistently linearizing the vari-
ational equation. The material and geometric contribu-
tions associated with the membrane, shear, and bend-
ing deformations were given in details. The Lagrangian
meshfree shape function was employed and the domain
integration of the Galerkin weak form was performed via
the method of stabilized conforming nodal integration
on the material domain. The proposed eﬃcient formu-
lation could eﬀectively remove the shear and membrane
locking. Two benchmark numerical examples demon-
strated the eﬃcacy of the present method.
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